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1. Problem and Motivation
Large-scale networks are extensively used to model the complex interactions between various
entities in data-intensive domains such as social sciences [1], bioinformatics [2] and software
engineering[3]. Networks (or graphs) are formed of vertices and edges, where vertices represent the
entities and the edges represent the relation between them. Analysis of large-scale networks is a crucial
tool in exploring and understanding the behavior of complex systems.
There exist two important challenges in developing efficient and accurate network analysis
methods. First, most networks are extremely large and therefore analyzing these systems is both
computation and memory intensive. This issue can be resolved by (i) using high performance computing
to divide the data and algorithm over multiple processing units [4,5,6] or (ii) by sampling [7,8,9], that is,
extracting a representative subgraph that exhibits similar characteristics to the original larger network.
A more insidious problem concerns noise in networks. Real-world networks are built using
experimental (such as gene correlation networks) or subjective (census reports, epidemic distribution)
techniques. The fluctuations and bias inherent in these methods would also be present in the form of small
errors or noise within networks generated using this process. However, eliminating of noise from
empirical results is an often overlooked during network analysis.
Our research involves developing a parallel network sampling technique that can filter out the
noise, while preserving the important characteristics of the network. Thus, our algorithm can address both
the issues; that of creating noise free networks as well as that of handling large data. Our sampling
technique is based on extracting the maximal chordal subgraphs (MCS) of the original network. A chordal
subgraph consists of portions of the graph where the length of a cycle cannot exceed three [10].
2. Background and Related Work
Relevant Combinatorial Terminology: We introduce some graph terminology (based on the
definitions provided in [10]) that will be help in the subsequent explanation of the algorithms. A graph is
a set of vertices and edges (V, E). A vertex u is said to be a neighbor of vertex v, if they are joined by an
edge. The degree of a vertex u is given by the number of its neighbors. A path is an alternating sequence
of vertices and edges, where subsequent vertices are connected by an edge. A cycle is a path where the
identical and final vertices are the same. A clique is a set of vertices that are all connected to each other.
Related Work: Graph sampling has been used for many applications, such as in obtaining
spanning trees for preconditioners [11] or compressing the network to improve visualization [12]. Most
sampling methods for large scale-free networks are based on random sampling, such random node
selection [7] or random walks on the network [8,9], and focus primarily of preserving the combinatorial
properties rather than removing noise. A parallel version of random walks is based on starting multiple
walks simultaneously on different processors [13]. Parallel algorithms for obtaining spanning trees such
as breadth first trees, connected components and minimum spanning trees on large-scale networks are
also being investigated [4,5,6]. However the spanning tree methods focus more on graph traversal than
sampling important regions. To the best of our knowledge, our method is one of the first tightly-coupled
parallel network sampling algorithms [14, 15].
Filtering noise for large networks is still a largely unaddressed problem. Some recent work has
focused [16, 17] on using machine learning techniques to detect noise in biological networks and uses
supervised learning to predict noise based on prior information.

3. Approach and Uniqueness
We have developed a parallel graph sampling algorithm based on finding the maximal chordal
subgraphs. A chordal graph is a graph where the length of a cycle is be no more than three [10]. Therefore
a chordal subgraph preserves most of the cliques and highly connected regions of the network an
increases the path lengths between loosely connected regions.
Finding the maximum chordal subgraph is an NP-hard problem. A sequential algorithm for
obtaining the maximum chordal subgraph is provided by Dearing et. al. [18]. This method is based on
growing the graph from a starting vertex and adding edges so long as they maintain the chordal
characteristics. Initially the chordal subgraph consists of the starting vertex and its associated edges. In
the subsequent steps, the vertex with the maximum number of visited neighbors is selected. An edge from
the current selected vertex a, (a,b) is added to the chordal subgraph if the number of visited neighbors of
b is a subset of the number of visited neighbors of a.
The sequential algorithm for finding MCS and indeed most of the sampling methods assume that
the original network is connected. However, many real-world networks, such as our test suite of gene
correlation networks have disconnected components. Based on our initial tests, we discovered that a
completely chordal subgraph is a very strict restriction, and can disintegrate some clusters, that are
almost, but not exact, cliques. To counteract this effect we modified the algorithm to extract quasi-chordal
subgraphs, which can include few cycles of length greater than three. In order to accommodate large
networks, we implemented a parallel algorithm to identify spanning quasi-chordal subgraphs.
Our primary contribution is in developing a parallel sampling technique for large-scale networks
that not only extracts important combinatorial properties, but also eliminates some of the inherent noise in
the networks. As seen in Section 4, reduction of noise provides additional insight to the functional
properties of the underlying application. Figure 1 demonstrates how QCS based sampling can effectively
select good representative samples of a large graph.

Figure 1: Gene expression network of the hypothalamus of a mouse brain with larger components
highlighted in broken line boxes (A-D) and the respective chordal graph representations shown below (A’-D’). The
chordal graphs preserve the structure but have significantly lower number of edges.

Parallel Algorithm for QCS: Our parallel implementation on a distributed memory system was
follows: We divided the network across P processors, and identified the local maximal chordal subgraph
formed only of the edges whose endpoints lie completely within a processor. For each pair of processors
we identified a receiver where the synchronization would take place. We sent the border nodes to
designated receiver processors. The edges that lie across processors were included only if two border
edges with a common vertex combined with a previously marked chordal edge to form a triangle. This
implementation generated quasi-chordal subgraphs (QCS), since the inclusion of border edges can
sometimes increase the length of cycles by more than three. A detailed description can be found in [14].
Figure 2 provides the pseudocode and illustrates with a simple example of how the method works.

Figure 2. Left Figure: Pseudocode for extracting quasi-chordal subgraphs. Right Figure: Steps in applying the
parallel graph sampling algorithm to a small graph. Step 1 shows the original network partitioned into two
processors. Step 2 shows how the maximal chordal subgraph is obtained in each individual partition. The solid lines
show the chordal edges and the dotted lines the border edges. In Step 3, the border edges that form a triangle with
one chordal edge are selected. In this example, they are the pair (4,7) and (5, 7) and the pair (5,8) and (6,8). Step 4
shows the final quasi-chordal subgraph. There is now a cycle of length 5, (5,7,10,11,8), in the subgraph. (from [14]).

4.Results and Contributions:
We evaluated the effectiveness of our sampling algorithm by comparing both the combinatorial
and functional properties of the original and subnetworks. The data sets for our experiments were
obtained from NCBIs Gene Expression Omnibus (GEO) website (http://www.ncbi.nlm.nih.gov/geo/).
Analysis of different test suites is provided in our earlier publications [14,15]. Due to the scarcity of space
we will describe illustrate the important results based on one representative network (5,349 vertices and
7,277 edges) derived from hippocampal samples of young mice, aged 2 months (GSE5078 series by
Verbitsky et al. [19]).
Analysis of combinatorial properties: We computed the clustering coefficient, degree
distribution and the core numbers for the network and the subgraphs using MatlabBGL library [20]. The
clustering coefficient of a vertex is computed as the ratio of the edges between the neighbors of a vertex
to the total possible connections between the neighbors. A large clustering coefficient indicates presence
of dense modules. The degree distribution shows how many vertices fall under the same range of degree,
and in the case of gene correlation networks follows the power law. The core number of a vertex is
defined as the largest integer c such that the vertex exists in a graph where all degrees are greater than
equal to c. This metric relates to how closely high degree vertices are connected.
Table 1 compares the combinatorial properties including reduction in edges, clustering
coefficients, number of vertices with high degrees (hubs) and high core numbers. The numbers in the
parenthesis denote the reduction percentages. As expected, the subgraphs have lower number of edges,

the higher the number of processors, the more the reduction. Though there is significant reduction in the
subgraphs, we still retain a high percentage of the hubs and vertices with high core numbers. The mean
clustering coefficient remains the nearly equal indicating that the important clusters are preserved. The
degree and clustering coefficient distribution is maintained in the subgraph samples (Figure 3).
Combinatorial
Original
Quasi-Chordal Subgraph of Young Mice(GSE 5078) with
Properties
Network
1 Partition
2 Partitions
4 Partitions
8 Partitions 16 Partitions
Number of Edges
7,277
4,949(31.9)
4,269(41.3)
4,029(44.6)
3,657(49.7)
3,753(48.4)
Mean Clust. Coeff.
.48
.39
.47
.40
.41
.41
High degree vertices
146
73(50)
106(72)
96(65)
86(58)
95(65)
Core Numbers
46
26(56)
25(54)
39(84)
36(78)
26(56)
Table 1. Comparison of combinatorial properties between the original networks and subgraphs (from [14]).

Figure 3. Degree distribution (top panel) and average clustering coefficient (bottom panel) of the original network
(solid line) and the sampled networks (dotted lines). Y-axis gives the number of vertices (top figure) and average
clustering coefficient per degree (bottom figure). X-axis gives the degrees in the network (from [14]).

Analysis of functional properties: We used the Cytoscape plug-in MCODE [21] on the network
to identify clusters. Table 2 lists the most represented Gene Ontology (GO) molecular function terms per
cluster as found in the original network and sampled networks on 1,2,4,8 and 16 processors respectively.
Our results show that most of the important functional units are preserved in the samples. In addition, due
to the elimination of noise, sampling sometimes reveals new clusters in the reduced networks, like
enzyme regulator activity in QCS 4 and 8 and transmembrane transport activity in QCS 8 and 16.
Analysis of Parallel Implementation: The scalability of our parallel algorithm is computed as
follows; Let the total number of edges be E, the maximum degree be d and the number of processors
involved be p. The complexity of the sequential algorithm is given by Tseq(E) = O(Ed) [18]. The parallel
overhead Tover(E,p) consists of communicating the border nodes from each processor, denoted by b, and
checking if they form a triangle with a chordal edge. Assuming equal distribution of border nodes, the
total communication volume is O(bp) and the computation volume over all processors is O(b2p).
Therefore, Tover(E,p) = O(b2p). In order maintain isoefficiency, Tseq(E)>=Tover(E,p), therefore, E
>=Cb2p/d, where C is a constant. The memory required to store the network is approximately O(E).
Therefore, the scalability function is Cb2 pd/p =O(b2d), thus the overhead increases with the number of
border edges.
This analysis is also borne out by empirical results. Figure 4 shows the breakdown of the
execution times of the different sections of the algorithm over 1,2,4,8 and 16 processors. As can be seen
from the figure the time to compute the local QCS (blue blocks) gradually decreases over the number of
processors. However, the communication costs (border edges) keep increasing with the number of
processors, which finally leads to significant increase in the execution time.

Table 2. Comparison of functional units of the young mice network. The leftmost column of funtionalities is from
the original network, proceeding to the functionalities obtained for QCS with 1,2,4,8 and 16 partitions respectively.
Same color within each cluster represents similar functionality (from [14]).

Figure 4. Breakdown of execution time for obtaining QCS over different number of processors. As the number of
processors increase, the communication overhead for the border edges outweighs the gains due to parallelization.

5. Discussion
Our results show that QCS based sampling can be very effective in reducing the memory
requirements, while preserving important combinatorial and functional properties. We observe that the
reduction of noise can unveil new functional units within the networks. However, we did not find any
simple relation between graph properties and retention of functional units. We would like to note,
therefore, that only comparing combinatorial properties may not be sufficient to validate sampling of realworld networks.
Our parallel algorithm loses efficiency as more processors are added. We believe that this is not
necessarily due to bad partition, but because border edges increase with more processors. We are
currently investigating a master-worker approach that might reduce some of the communication costs.
Other future directions include sampling on weighted networks and on dynamic evolving networks.
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